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Abstract: This present paper deals with the study of effect of thermal radiation on steady 
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Nomenclature 

fC  skin-friction coefficient  
wC  volume concentration at wall 
BD   Brownian diffusion coefficient  
TD  thermophoretic diffusion coefficient  

f dimensionless velocity of the fluid 
g acceleration due to gravity 

fh  heat transfer coefficient 
1k  rate of chemical reaction 

k∗  mean absorption coefficient 
k thermal conductivity of the nanofluid 1 1[ ]Wm K− −  
Le  Lewis number 
m constant 
Nr  buoyancy ratio parameter 
Nb  Brownian motion parameter 

Nt  thermophoresis parameter 
Nu  Nusselt number 
Pr  Prandtl number 

rq  radiative heat flux [W/m2] 
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Ra  Rayleigh number 
R  thermal radiation parameter 
S suction/injection parameter 
Sh Sherwood number 

wT  temperature at the wall 
T temperature [K] 
u, v velocities in x; y-directions 1[ ]ms−  
x, y axial and perpendicular co-ordinates [m] 
 
Greek Symbols 
( ),x yψ  stream function 

β  thermal expansion coefficient of the base fluid 
φ  nanoparticle volume fraction, % 
η  similarity variable 
γ  chemical reaction parameter 
λ  convection parameter 
( ) f
Cρ  heat capacity of the fluid 
( ) p
Cρ  heat capacity of a nanoparticle 
ν  kinematic viscosity of the fluid 2 1[ ]m s−  

κ thermal conductivity of the fluid 1 1[ ]Wm K− −  
θ  non-dimensional temperature 
α  thermal diffusivity 
σ∗  Stefan–Boltzmann constant 

fρ  density of base fluid 3[ ]kgm−  

pρ  density of solid particle 3[ ]kgm−  
 
Subscripts 
 
∞  free stream condition 
 w condition at the wall   
 f base fluid 
p Nanoparticle 
 
Superscript  
 
'  derivative with respect to η  

 
1. INTRODUCTION 

 In the last few decades’ nanofluid are widely used in many industrial and 
technology applications, such as cancer therapy, enery storage, drug delivery, melts of polym
ers, paints, asphalts and glues etc. Das [1] studied impact of steady two dimensional MHD 
boundary layer flow of nanofluid past a convectively heated stretching sheet in the presence 
of chemical reaction. He found that on increasing the values of chemical reaction parameter      
the mass transfer rate near the surface rises. Das [2] analyzed the influence of heat 
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generation/absorption on MHD boundary layer stagnation point flow of nanofluid over a 
heated stretching sheet with chemical reaction. The effect of MHD boundary layer flow of 
nanofluid over a stretching surface was made by Ganesh et al. [3]. Hamad and Ferdows [4] 
investigated the impact of heat generation/absorption on boundary layer stagnation-point flow 
of nanofluid towards a heated stretching surface in the presence of porous medium and 
suction/injection. They found that on enhancing the values of Lewis number, the boundary 
layer thickness reduces for both the cases suction and injection. Haq et al. [5] have discussed 
the effect of thermal radiation on stagnation point flow of nanofluid over a stretching surface 
with slip condition and they have seen that heat transfer rate increases with radiation 
parameter while decreases with increasing values of Lewis number. The effect of solar 
radiation on unsteady Hiemenz flow of Cu-water nanofluid along a porous wedge surface 
observed by Kandasamy et al. [6] and they have seen that temperature of the Cu-water 
nanoparticle reduces with enhancing the values of thermal radiation parameter. Lin et al. [7] 
investigated the heat transfer flow of nanofluid in the presence of thermal radiation and 
Marangoni convection flow. Mahmoodi and Kandelousi [8] described the influence of the 
thermal radiation and Eckert number on two dimensional nanofluid flows through a channel 
with entropy generation. Pal and Mandal [9] investigated that the impact of thermal radiation 
on steady two dimensional mixed convection boundary layer stagnation point flow of 
nanofluid along a stretching/shrinking surface with viscous dissipation and porous medium. 
Pal et al. [10] analyzed the effect of thermal radiation and heat transfer on two dimensional 
stagnation point flow of nanofluid over a stretching/shrinking surface in the presence of 
porous medium. Wubshet et al. [11] examined the MHD nanofluid flow over a stretching 
sheet in the presence of thermal radiation and slip.  
In the present study we analyzed the effects of thermal radiation on steady two dimensional 
boundary layer flow of nanofluid past a stretching surface. The equations that obtained have 
been solved in symbolic computation software with the help of Runge-Kutta-Felberg method 
and shooting technique.The effects of different physical parameters on the 
velocity,temperature and volume concentration are depicted graphically. 
 
 

2. MATHEMATICAL FORMULATION 
Consider a steady two dimensional natural 
convection boundary layer flow of a 
nanofluid along a permeable vertical 
stretching surface. The direction of flow is 
the x–axis and y-axis is normal to the flow. 
The surface is contact   with a hot fluid at 
temperature wT  with heat transfer 
coefficient fh . The volume fraction C  of 
nanopartical at the surface is wC  and free 
stream temperature and concentration far 
from the sheet are ,T∞ C∞  respectively.  

 Using Oberbeck-Boussinesq approximations, the governing equations for the 
conservation of the mass, momentum, energy and diffusion can be written in two-
dimensional Cartesian coordinate (x,y) as:   

0u vu v
x y
∂ ∂

+ =
∂ ∂

                                                                                                                         (1) 
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( )U x
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( )V x
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o
 Figure 1 Physical model and coordinate system  
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                                                                            (4)                   

The related boundary conditions are: 

( ) ,u U x=  ( ) ,v V x=  ( ) ,w w
Tk h T T
y

∂
− = −

∂
       ,wC C=   at 0y =  

0,u →            ,T T∞→             .C C∞→      as y→∞                                                             (5) 
Where u and v  are the velocity components along x and y-axis respectively, Further, ν  is the 
kinematic viscosity of  base fluid, ρ is the density of fluid, TD is the thermophoretic diffusion 
coefficient,τ is the  ratio of the effective heat capacity of the nanoparticle material to the base 
fluid, α is the thermal diffusivity, BD  is the Brownian diffusion coefficient, 1k  is the rate of 
chemical reaction, k  is the effective thermal conductivity, wh  is the heat transfer coefficient 
and rq  is the radiative heat flux. The suffixes w  and ∞  indicate surface and ambient 
conditions, x and y represent coordinate axes.  
  The stream wise velocity and suction/blowing velocity are taking as [1]. 
 ( ) ,mU x ax=  ( ) ( 1) / 2

0
mV x V x −=  

Here a is constant and for steady case take as unit value, m is the power-law exponent 
(constant), 0V  is the velocity of suction if 0 0V < and injection if 0 0V > . With the help of 
Rosseland approximation, the radiative heat flux is  

44
3r

Tq
k y
σ ∗

∗

∂
= −

∂
           (6) 

Here σ∗  is the Stefan-Boltzman constant and k∗ is the mean absorption coefficient, and 4T  is 
the linear sum of temperature and it can be expanding with help of Taylor series aboutT∞ . 

( ) ( )24 4 3 24 6 ...T T T T T T T T∞ ∞ ∞ ∞ ∞= + − + − +                                                                               (7) 

Ignoring higher order terms of ( )T T∞− onwards of equation (7) we get: 
4 3 44 3T T T T∞ ∞≅ −                                                                                                                (8) 

Solving equations (6) and (8) we get: 
316

3r
T Tq
k y
σ ∗

∞
∗

∂
= −

∂
                                                                                                                    (9) 

In usual way a stream function ( ),x yψ  and non-dimensional similarity variables are defined 
as  

u
y
ψ∂

=
∂

, v
x
ψ∂

= −
∂

                                                                                                         (10)                        

( )
w

T T
T T

θ η ∞

∞

−
=

−
, ( )

w

C C
C C

φ η ∞

∞

−
=

−
                                                                                           (11) 

Using  the equations (9) - (11), then the system of Equations (1) - (5) becomes: 
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                             (12)  
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B
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θψ φ ψ φ φ θ φ
φ∞

Δ∂ ∂ ∂ ∂ ∂ ∂
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Associated boundary conditions are: 

,mx
y
ψ∂
=

∂     

( )1
2

0 ,
m

V x
x
ψ −∂
= −

∂        
( )1 ,wk h

y
θ θ∂

− = −
∂

         1,φ =           at y=0, 

0,
y
ψ∂

→
∂

     0,θ →           0,φ →         as y→∞ .                                                               (15) 

here wT Tθ ∞Δ = −  and wC Cφ ∞Δ = − . 
 
2.1.    Lie group transformation and similarity solutions 

 
1: x xeεα∗Γ = , 2y yeεα∗ = , 3eεαψ ψ∗ = , 4u ueεα∗ = , 5v veεα∗ = , 6eεαθ θ∗ = , 7eεαφ φ∗ = } .           (16) 

( ) ( ) ( )2 3 2 3 6

2 2 3
2 2 3

2 3 1 fe ve e g
y x y x y y
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− = + − Δ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠
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p fe gεα ρ ρ φ φ∞− − Δ .                                                                                                         (17) 
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    (19) 

The system of equation (17) - (19) always invariant under the Lie group transformations (16) 
The following expressions obtained between the parameters: 

1 2 3 2 3 2 3 6 77 2 2 3α α α α α α α α α+ − = − = − = − = − ; 

1 2 3 6 2 6 2 6 7 2 62 2 2 2α α α α α α α α α α α+ − − = − = − − = − ; 

1 2 3 7 2 7 2 6 72 2α α α α α α α α α+ − − = − = − = − ;                                                                     (20) 

From this relation, we finally obtained 1 1
2 1 34 3 ,α α α= = 6 7 0α α= = . Hence the boundary 

conditions are 4 1 1
1 ,
2

mα α α= =
 

1
5 1 12

1 ,
4

mα α α−= = −
 
as 1

2
m = is taken. 

With the help of these, boundary condition becomes:  
1 2
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∂
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∂
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∗

∗
∗

∂
− = −

∂
     1,φ∗ =        at 0,y∗ =  
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0,
y
ψ ∗

∗

∂
→

∂
      0θ∗ → ,     0,φ∗ →       as y∗ = ∞                                                                   (21) 

Thus the group of transformations (16) converted into 
1: x xeεα∗Γ = , 1 4y yeεα∗ = , 13 4e εαψ ψ∗ = , 1 2u ueεα∗ = , 1 4v ve εα−∗ = ,θ θ∗ = , φ φ∗ = .          (22) 

Using Taylor’s series, we are getting the following relations: 
1x x xεα∗ − = , 1 4y y yε α∗ − = , 13 4yψ ψ ε α∗ − = , 1 2u u uε α∗ − = , 1 4v v vε α∗ − = − ,   

θ θ∗ = , φ φ∗ = .                                                                                                                      (23) 
The auxiliary equations for finding the similarity variable are 

1 1 1 1 14 3 4 2 4 0 0
dx dy d du dv d d
x y u v

ψ θ φ
α α ψ α α α

= = = = = =
−

.                                                     (24) 

Now solving above equations, we obtained: 
1 4

y x η
−∗ ∗ = ,         

3 4

( )x fψ η∗ ∗= ,         ( )θ θ η∗ = ,         ( )φ φ η∗ = .                                     (25) 
Using similarity transformation (25), the governing Equations (17)-(19) are converted into a 
set of non-linearly ordinary differential equations defined as follows: 

21''' (0.75 '' 0.5 ' ) ( ) 0
Pr

f ff f Ra Nrθ φ+ − + − = ,                                                                      (26) 

( ) 21 '' 0.75Pr ' Pr ' ' Pr ' 0R f Nb Ntθ θ θ φ θ+ + + + = ,                                                               (27)     

'' 0.75 ' '' 0NtLef
Nb

φ φ θ γφ+ + − =
  

             (28) 

and boundary conditions are 
,f S=   ' 1,f =    ( )' 1 ,θ λ θ= − −   1,φ =      at 0,η =  

' 0,f =       0,θ =      0,φ =        as η =∞                                                                               (29)  
here f, θ  and φ  are the non-dimensional velocity, temperature and volume concentration of 
nanoparticle respectively. The prime denotes differentiation with respect to η  and the 
dimensionless  parameters, Prandtl number (Pr) , local Rayleigh number ( )Ra , Lewis 
number ( )Le , Buoyancy ratio parameter ( )Nr , Brownian motion 
parameter ( ),Nb thermophoresis parameter ( )Nt , thermal radiation parameter ( )R , chemical 
reaction parameter ( )γ , the suction/injection parameter ( )S , the surface convection 
parameter ( )λ , heat transfer coefficient ( )wh  are defined as follows: 

Pr ,ν
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∞ ∞
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∞
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316 ,
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σ ∞
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λ = ,   1 4

wh cx−= . 

The parameters of physical interest are the skin friction coefficient      (rate of shear stress), 
Nusselt number (rate of heat transfer) Nu and Sherwood number (rate of mass 
transfer) Sh are defined as 

1
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f y
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U y
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= = −⎜ ⎟∂⎝ ⎠
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here Rex
f

xU
ν

= is the local Reynolds number.                                         

The reduced Nusselt number and the reduced Sherwood number are defined as follows: 
( ) ( )1 2Re 1 ' 0xNur Nu R θ−= = − + ,  ( )1 2Re ' 0 .xShr Sh φ−= = −                                               (30) 

 
 

3. RESULTS AND DISCUSSION  
The transformed equations 26-29 subject to boundary conditions (29) were integrated 
numerically using the Runge-Kutta-Fehlberg method with shooting technique to obtain the 
missing values of ( )'' 0 ,f ( )' 0θ and ( )' 0φ , for some values of the governing parameters. In 
order to study the effects of the radiation parameter, buoyancy parameter and 
Prandtl number on the velocity, temperature and concentration profiles. The other values of 
the other parameters are fixed as 1,Ra = 1.0,Nb Nt= = 3.0,Le = 0.8,S = 1,λ = 0.5.γ = Then 
the non-dimensional velocity, temperature and concentration profiles are illustrated in 
Figures 2-10. Figure 2 depicts that the effect of thermal radiation parameter R on fluid 
velocity for 0.5,Nr = 1,Nt = 1,λ = 0.5,γ = 3,Le = 0.8,S = Pr 1= . This Figure show that on 
increasing the values of R the velocity of nanoparticle regularly increases then the boundary 
layer thickness of velocity rises. Figure 3 reveals that on increasing the values of thermal 
radiation parameter R , temperature of the nanoparticle increases. Due to this reason thermal 
boundary layer thickness increases and surface temperature also growing. Figure 4 
demonstrates the impact of thermal radiation parameter R on nanoparticle volume 
concentrationφ . It is observed from graph that on enhancing the values of thermal radiation 
parameter R , the concentration of nanoparticle slowly decreases. Due to this reason 
concentration boundary layer thickness thin.  
The influence of buoyancy parameter on fluid velocity, temperature and concentration 
for 1, 1, 1, 0.5, 3, 0.8,Pr 1R Nt Le Sλ γ= = = = = = = are shown in Figures 5-7. Figure 5 illustrates 
that on increasing the values of Nr velocity of nano-particle continuously reduces. From 
figugure 6 it is clear that on enhancing the values of buoyancy ratio parameter temperature of 
nanoparticle regularly growing.Fig.7 reveals that on enhancing the values of buoyancy 
parameter Nr volume concentration of nanoparticle continously increases due to this reason 
boundary layer thickness of the nanoparticle rises.   
Figures 8-10 display the influence of Prandtl number on velocity, temperature and volume 
concentration of nano-particle for 1,R= 1,Nt = 1,λ = 0.5,γ = 3,Le = 0.8,S = 1Nr = . On 
growing Prandtl number, velocity of the nanoparticle significantly increases as shown in 
Figure 8. It is observed from Figure 9 that temperature of the nanoparticle regularly reduces 
on increasing the values of Pr . Due to this reason boundary layer thickness reduces. Figure 
10 illustrates that concentration of nanoparticle decreases with increasing the values of 
Prandtl number. This is due to the fact that nanoparticle concentration boundary layer 
becomes thin. 
Table 1 Variation of reduced skin friction coefficient, reduced Nusselt number and reduced 
Sherwood number in the case of 1,R=  1,Nt = 1,λ = 0.5,γ = 3,Le = 0.8,S = 1.Pr =  

Nr  ''(0)f−  '(0)θ−  '(0)φ−  
0.5 0.7438902 0.2663170 2.5406919 
2 1.1980099 0.2620970 2.5144419 
4 1.8374499 0.2556500 2.4744919 
6 2.53149 0.24776 2.426549 
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It is clear from Table3 that the values of reduced Nusselt number
1

2Rex Nu
−

, skin friction 

coefficient 
1

2Rex fC  decreases and reduced Sherwood number
1

2Rex Sh
−

 rises on enhancing 
the values of thermal radiation parameter R . The impact of buoyancy ratio parameter Nr and 

Prandtl number Pr on the of reduced Nusselt number
1

2Rex Nu
−

, skin friction coefficient 
1

2Rex fC and reduced Sherwood number
1

2Rex Sh
−

when the stretching surface is heated 
convectively are shown in Table1, 2. It is noticed from the table heat transfer rate regularly 
reduces with increasing the values Nr and increases with increasing in the Prandtl number. 
While mass transfer rate decreases when buoyancy ratio parameter Nr increases and increases 
on growing the values of Prandtl number Pr . The value of reduced skin friction coefficient 

1
2Rex fC  rises with increasing the values of Nr and decreases with increasing Pr . 
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Fig.2 Velocity profiles of different values of R. 
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Fig. 5 Velocity profiles of different values of Nr. 
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Fig.3 Temperature profiles of different values of R. 
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Fig.4 Concentration profiles of different values of R. 
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Table 2 Variation of the reduced skin friction coefficient reduced Nusselt number and reduced 
Sherwood number in the case of 1,R=  1,Nt = 1,λ = 0.5,γ = 3,Le = 0.8,S = 1.Nr =  

Pr  ''(0)f−  '(0)θ−  '(0)φ−  
0.05 12.4206393 0.2490148 2.2063531 
0.07 8.9927985 0.2488478 2.2493839 
0.2 3.3976048 0.2495378 2.4003340 
0.4 1.8511293 0.2533515 2.4798931 
0.6 1.3208501 0.2579015 2.5096931 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 3 Variation of the reduced skin friction coefficient reduced Nusselt number and reduced 
Sherwood number in the case of Pr 1,=  1,Nt = 1,λ = 0.5,γ = 3,Le = 0.8,S = 1.Nr =  
R  ''(0)f−  '(0)θ−  '(0)φ−  
0 0.7985519 0.2564204 2.5364116 
3 0.6988152 0.2623204 2.5594116 
6 0.6749015 0.2581703 2.5719189 
10 0.6621915 0.2555704 2.5792892 
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Fig.8 Velocity profiles of different values of Pr. 
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Fig.9 Temperature profiles of different values of Pr.  
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Fig. 6 Temperature profiles of different values of Nr. 
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Fig.7 Concentration profiles of different values of Nr. 
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4. CONCLUSIONS 
The influence of thermal radiation on two-dimensional steady boundary layer flow of 
nanofluid along a heated permeable stretching surface is investigated by the use of lie group 
transformations to change the boundary layer equations into non-linear ordinary partial 
differential equations. The impact of various physical parameters like thermal radiation 
parameter R , buoyancy ratio parameter Nr and Prandtl number Pr on reduced skin friction 

coefficient
1

2Re ,x fC  Nusselt number
1

2Rex Nu
−

and reduced Sherwood number
1

2Rex Sh
−

 are 
studied and presented its tabuleted values. Thus, the following conclusion was obtained: 

• Velocity, temperature profile of the nanoparticle increases with increasing in the 
thermal     radiation parameter and concentration profile of nanoparticle reduces. 

• Temperature and concentration profile of nanoparticle rises with raising the values of 
buoyancy ratio parameter and reduces with increasing the values of Prandtl number. 

• The reduced skin friction coefficient 
1

2Rex fC decreases with increasing in the 
thermal radiation parameter and Prandtl number and it increases with increase of the 
buoyancy ratio parameter Nr . 

• The reduced Nusselt number 
1

2Rex Nu
−

 decreases with growing in the buoyancy ratio 
parameter Nr . 

• The reduced Sherwood number 
1

2Rex Sh
−

 enhance with growing thermal radiation 
parameter R and Prandtl number Pr whereas it reduces with increase of the buoyancy 
ratio parameter Nr . 
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