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1. INTRODUCTION

Let ¥Yand ¥ be two real Banach spaces such that the embedding ¥ =X is dense and

continuous. Consider the following quasilinear functional evolution equation
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where 0 =T == _A(u) is a linear operator in X for each u in an open subset W of ¥, for
ue C([-t.TLX), andte[0.T] the function u,eC([-7.0l:X) given by u.(8) =u(t+6) for
gel-rol.oec(—n0l:X).v=0.

By the strong solution to (1.1) on[-=.T'l, 0 = T'= T, we mean a continuous function » from
[-=.T'] into ¥ such that u is absolutely continuous on [-z.T']l, u(t)e W for almost every

t € [-=.T'] and satisfies (1.1) almost everywhere onl-z.T'].

Quasilinear evolution equations forms a very important class of evolution equations as many
time dependent phenomena in physics, chemistry and biology can be represented by such
evolution equations. For more details on the theory and applications of quasilinear evolution
equations we refer to [3], [8], [13].

We use the ideas and techniques of Zeidler [13] and the method of semidiscretization in time to
establish existence, uniqueness and continuous dependence on initial data of strong solutions to
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(1.1) on [-=.T'] for some 0 =T' =T. Crandall and Souganidis [4] have proved the existence,
uniqueness and continuous dependence of a continuously differentiable solution to the
quasilinear evolution equation

+ Alu® () =0, 0<t=T, ul0)=u, (1.2)
T. Kato [5] has proved two general theorems on the nonhomogenous quasilinear evolution
equation
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one on the existence and uniqueness, and the other on the continuous dependence of a solution
on the initial data. Also, he has shown that these theorems are applicable to the different kinds of
quasilinear differential equations such as Korteweg-de Vries equation,Navier-stokes equation
and Euler equation, equation for compressible fluids etc. The crucial assumptions in the work of
Crandall and Souganidis [4], T. Kato [5] and references cited therein is that there exists an open
subset I of ¥such that for each w € W, A(w) generates a ;- semigroup in X, A(.) is locally
Lipschitz continuous on W from X into X.f, defined from I into¥, is bounded and globally

Lipschitz continuous from ¥ into ¥, and there exists an isometric isomorphism &:¥ — X such that
SAw)S™ = Alw) + Blw) (1.4)
where E{w] is in the space E{X} of all bounded linear operators from X into X.

Abbas and Bahuguna [1] have establish the existence and uniqueness of a classical solution to
the following quasilinear functional differential equation considered in Banach space
dult)

i oy o — - .
P £1 = Fi+ <
+ Alt o ult) Jult) = FUE ul 0=

+
2

|

=

dt
u(0) =0 on [— r.I:I] (1.5)

by using the theory of C;- semigroup of bounded linear operator under the assumption that for
u e €. F(;ul.)): [0,T] = ¥ is bounded L* function. Further they assume that there is a subset & of X
such that for (t.u) € [0.T] x C; with u(t) € B for £ £ [0,T], A(t.u(t)) is linear operator in ¥. Also

@ £ C, is Lipschitz continuous with Lipschitz constant L.

The method of semidiscretization in time is developed and applied to linear as well as nonlinear
evolution equations by Rektorys [9] , Kartsatos and Zigler [10] , Necas [11] , Bahuguna and
Raghavendra [2] and others. This method consists in replacing the time derivatives in an
evolution equation by the corresponding difference quotients giving rise to a system of time-
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independent operator equations. With the help of the theory of semigroups and the theory of
monotone operators, these systems are guaranteed to have unique solutions. An approximate
solution to the evolution equation is defined in terms of the solutions of these time-independent
systems. After proving a priori estimates for the approximate solution, the convergence of the
approximate solution to the unique solution of the evolution equation is established. In these
works either global Lipschitz conditions or local Lipschitz condition with some growth
conditions on nonlinear forcing terms have been assumed.

In the present work we assume only local Lipschitz conditions on the nonlinear mapf. We first
prove that the discrete points lie in a ball in X of fixed radius R where R is independent of the
discretization parameters. Then using the local Lipschitz continuity, we establish a priori
estimates on the difference quotients. With the help of these a priori estimates we prove the
convergence of a sequence of approximate solutions defined in terms of the discrete points to a
unique solution of the problem.

2. PRELIMINARIES

Consider X and ¥ be as in the previous section 1. Let lixll; denote the norm of an element x
belonging to a Banach space Z. Forr = 0, let Bz (x.7) denote the open ball {z € Z: llz — xll; = #} of

radius = and let E,(x,») be its closure. For an interval | of real numbers, we denote by C{J: ZJ.

WC{: z), Lip{J:Z), and ABS{:Z) the spaces of all continuous, weakly continuous, Lipschitz

continuous, and absolutely continuous functions from ] into Z, respectively.

For a real &, N{Z.#) represents the set of all densely defined linear operators L in Z such that if
1= 0andif =1, then (I + il) is one-to-one with a bounded inverse defined everywhere on Z and

I+ gz =1 +48)77, 2.1)

where I is the identity operator on Z. The Hille-Yosida (cf.Pazy [12]) theorem states that
L e N(Z,8) if and only if —L is the infinitesimal generator of a strongly continuous semigroup

e~™,t = 0,0n Z satisfying lle=™ 5z, = .t = 0. A linear operator L on D{L} € Z into Z is said to be

accretive in Z if for every u € D(L},

{(Lu,u*) = 0 for some u" & F(u), (2.2)
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where {z.z"} is the value of

Fiz) = {E" eZ%z.zy=l=llZ=1z* ' (2.3)
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Here 27 denotes the power set of Z*. If L € N(Z.5) then (L + 58I} is m-accretive in Z, i.e.,(L + BI) is
accretive and the range R(L + ill = Z for some 4 = §. If Z* is uniformly convex, then F is single

valued and uniformly continuous on bounded subsets of Z.

(HO) We assume, in addition, that the embedding ¥ = X is compact and the dual ¥* is uniformly
convex. Further, we make the following hypotheses.

(H1) There exist an open subset W of ¥ and § = 0 such that u; € W and
AW = N(X, 5, 2.4)
(H2) There exist positive constants u, and ¥, such that for all w,w,.w; eWandv eV,

Ve D{.—‘: (w ), |{.—‘:':1.1': T — Al v |}_ = wy vy — vl el .

-]
I
n
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i,

lAGY) vl = 3, el

(H3) There exist a linear isometric isomorphism &:¥ —= X a map F:W = E(X), and positive

constants x- and = such that for all w.w; w, g W,

SAMW) = AwlS + Pw)s, lPow)lly < vs 26
[PCw, ) — Plwg )y = wpllvwy — wiglly, LBl

(H4) The nonlinear map f:[0.T] x ¥ x C([-:0]1:¥) = ¥ is a bounded function:
IF et ww)lly < 2¢(r) 2.7)

for all (t,u,v) € [0.T] x ¥ x C([—: 01: V) with lully + vl ;s =7 where A¢(r) is a nonnegative
nondecreasing function. Also, this map satisfies the Lipschitz condition

-
!

If Ctoougivy) — Ftrugw)lly = ppCrd (e — 9l + lluy — uglly + llvy — vl z 0]

for all t,.t;e[0.T]and all u; e B, (¢(0).7), and v € Beq_.qp(d.7). i = 1.2, where ¥ is a real-
valued continuous function of bounded variation on [0.T] and wus(r) is a nonnegative

nondecreasing function.

Let R = 0 be such that W, = E,(u, R) = W .We set

Ry = ;:1 + %7yt (2.8)
Ry = max 4R + llugll,} (2.9)
M = 2;(4R + llus | (2.10)
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zlly = Ry (2.11)

Toplvalizglly + vellzplly + M] = R, (2-12)

(1 +e¥7l5uy — zpll + Ty by llzplly + 2 llzglly + MY = 2R/3 (2.13)

We have the following main result for the existence, uniqueness and continuous dependence on
the initial data of the strong solutions to (1.1).

Theorem 2.1 Let (HO)-(H4) hold and let ¢ be Lipschitz continuous on[—7.0]. Than there exists a

unique strong solution u to (1.1) on [-t.T;] such thatu € Lip({0.T,]:X). Furthermore, if
i(0) & B, (uy). Ry) then there exists a strong solution i to (1.1) on [0.T,

u

] with the initial point uq
replaced by () and

£y S P - - [
ult) — Gy = Cllutd) — a0y, te[0.T;]

[=]

where C is a positive constant depending only on Tj .
3. BASIC LEMMAS

We shall state and prove several lemmas required to prove Theorem 2.1. A proof of theorem 2.1
will be given in the next section.

.

n

Letw, = Su;. Let h ="/, for all positive integers n =N where N is a positive integer such

-L ~ n

that 8( "%/ = 1/,  For nz N, we set uf = ¢(0) .4} = i1, and 7 = jh

For j =1.2.3....n.We consider the scheme

Sul + Alul Ju? = Flerat, (62,) ). j=12...m, (3.1)

where, for j =1.2,..n.n = N,

oW .
Li—k i~
Suf === (3:2)
o te [-n0]
G0 = quly + /R — e Jul —ul ), e e [0, 671 = 1.2, .0 (3.3)
' u®, t e [tF.T,]



The following result establishes the fact that uf € Wy, j=12,...nn = N.
Lemma 3.1 For each n = NV, there exist unique u} & W;.j = 1.2....n satisfying (3.1)
Proof: It follows (cf. Lemma 2 in [4]) that there exists a unique « € ¥ such that
ul + hAGughul = up + hf (8 ug, (). (3.4)
Applying § on both sides in (3.4) using (H3) and putting w* = 5uf, we have
(i — zp) + hAGug w — z) + P Cupw® — 2,0 = (wy — 20 — hd luplzy + hPCuplzy + ASF (R g, (i g )em
The estimates in Lemma 2 in [4] imply that
lwi — zlly = (1 — k8 llwy — 2l + RGllzplly + 321zl + 307,
Since k8 = 1/2 | we have
lwi — zpll, = ¥ [llwy — zgll + kG llzglly + ¥ llzpll, + 301
Therefore
lw —wplly = {1 + hezgh::': lwy —zpll + Ry llzglly + v llzplly + M) = R

In view of the estimate (2.7). Hence uf € ;. Now suppose that «f € W fori = 1.2,....j — 1. Again,

Lemma 2 in [4] implies that for 2 < j =» there exist unique u} € ¥ such that

uf' + h.%{u_?_::?u_? =ully +hf (L ull L (G e (3.5)

1 =LA

Proceeding as before and puttingw;” = 5u}, we get the estimate

n

|“'_i"' =zl = &7 |“'_i'—: - I |}- + hlyg lzglly + vz lzgll e + 3]

X

Reiterating the above inequality, we get

n

|“'_i"' —z|l, = ¥ [llwy — zgll; + jhlys llzglly + vz llzgllx + 2]

X
Using the fact that jh = T,, we arrive at

|“'_i'ﬂ — Wp |}- = (1 + ™) lhwy — zlly + T Gullzlly +9: )zl + 0] = R,

The above estimate and the equation (3.4) and (3.5) gives the required result. This completes the
proof.
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Lemma 3.2 There exists a positive constant £, independent of ;. and = such that

|.5‘u_;' |}- =C j=1l23 .. mn=N.

Proof: Putting j =1 in (3.1) we get

Sull + hATugd6ul) = —Alugduy — Fef ug. (i)

Using Lemma 2 of [4], we have
16ullly = e [y llugll, + M1 = C,. (3.6)

From (3.1) for2 = j ==, we have

ouf + () (6ur) = suly — (AGuy) - AGEs)) iy + 7 (g ure B2, ) - £ (g 0urn (B12)

Using (H2) and Lemma 2 of [4], for 2 = j = n, we get

lsupll, = 21+ comllont,l, + | (e e i) ) - £ (genia a2 . )1 G
J J \ tys 1 : : s
For some positive constant ; independent of j. = and n.Now,
|f |: thoul g {ﬂ::!—i}_?: ] -f |: tlulg {ﬂir!—:::l_-_'t: \I.] = .“;":R::': tlll‘:{ti?!::l - tl'!‘:{ti?!—i::l + h{l + maxy gy IGuf |}:::']
(3.8)

Using (3.8) in (3.7), we obtain

maxX; ziz lGuflly; = E’:gh':l + C:h:'[mﬂ:ss'z_{—: l5ullly + C; {‘Pf.w ::' - tp{t_i?!—i::l + C:h], (3.9)

where C; is another positive constant independent of .1 and n . Reiterating inequality (3.9) and
using (3.6), we get

i=j

max [16ulll, < e¥™ (1 + C Y [IISullly + C,V(p) + C.T,
iz iy L 1Rl 1y

EF e

where ¥y} is total variation of w. Hence
|JU:‘| |}_' = I?:::g-'{::l:_ :I:: + I'-_:rl'T':T,I!":I + C:L:] =C
This completes the proof.

Now we define a sequence of functions {U"} from J; into ¥ defined by
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) =l + /(- Yl -l )t e [t t8] =12 (3.10)

Furthermore, we define a sequence of step functions {"} from (—h T,] into ¥ given by

e - [ te (—h,0] 311
1n|t| = ) n n . *
o ut € {t_i"_:.t"]. J=12....n ( )

Remark 3.3 We observe that X" (t) € Wy for all t € (—h.T;] andn = N. Also, ¥" (¢} — U™t} — 0 in¥
uniformly on jyas n — = and {U"} are in Lip(J,. X) with uniform Lipschitz constant €.

For notational convenience, we shall denote by

7O = rep (@) ot ()i = 120m (3.12)
We note that

A (s — X" ()ds = ug — UM (®) + [ £ (s)ds. (3.13)
And

Sune) + A0 e — W)ERE = . (3.14)

|2
t

Lemma 3.4 There exist a subsequence {U™} of {U™} and a function u in Lip(J,. X} such that U™ — u

in C{J;.X) (with the supremum norm) as m — =,

Proof: Since {¥"} is uniformly bounded in¥, the compact embedding of ¥ implies there exist a

subsequencel¥™} of L¥"} and a function u:]; — X such that X™ (£} — u(t)in X asm — =,

The reflexivity of ¥ implies that u(t} is the weak limit of X™ in ¥ hence u(t) lies in ¥(in fact in W}
since X™(t) is inW:). Now, X™(t) —U™() - 0in X¥so U™(t) —u(t) asm — =, The uniform
continuity of {U"} on J;implies that {X™} is an equi-continuous family in C(/;.X) and the strong
convergence of U™(t) to u(t) in X implies that {U™} is relatively compact in ¥ . We use the Ascoli-
Arzela theorem to conclude that U™ — u in €{j,.X) as m — = Since U™ are in Lip(J,. X) with
uniform Lipschitz constant, u € Lip(J;.X}. This completes the proof of the lemma.

Poof of the theorem 2.1

First we show that 4(x™(t — i) )x™(t) — A(ult) Jult) in X asm — =, where ‘= denotes the weak

convergence in X.

Alxmie — m) )xm™(8) — Alul® Jul®) =
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(a0 e - ) — A@®)) 2™ + A@) @™ @ —u@).  4.1)

Now,

(AE™ - 1) — Alu@ ™|, = wa® + lugll)IE™ G — ) —u)l; =0, 4.2)

Asm — =, since X™(t)—u(t) in ¥ uniformly on J,. Since A(u(f)) e N(¥. 5,581 + Alw) is m-

accretive in X.We use lemma 2.5 of Kato [5] and the fact that
la(u®) @™ @) —u), < 21, R 4.3)

to assert that A(u(e))x™t) — Alu(®))uct) in ¥ and, hence, A(x™(t — m))x™(t) = Alule) Juct)ink,

asm — =.To show that A(u(t))u(t) is weakly continuous onj;, let {t;} =], be a sequence such
that t; — t, as k — =. Then u(t;) — uft} in ¥ as k — = and we may follow the same arguments as
above to prove the Alult.))u(ty) — Alult) Jut) in ¥ ask —=. The Bochner integrability of
Alu(2))u(t) can be established in the similar way as in lemma 4.6 in Kato [5]. Now from (3.13),

for each x* € X* we have
< U™, 2" > =< upx” = + [ < —AX™(s — W))X™ (s) + f™(s), x" > ds.
Letting m — = using bounded convergence theorem and lemma 3.4, we get
sulth s === upx"+ _I"; < —Afu(s)uls) + flsuls) ud x® = ds,
The continuity of the integrand implies that = u(t). x* = is continuously differentiable on j and
u' () + Alu® )ult) = flt.ult), u,). a.e. on J,. (4.4)

Since u = ¢ onl-z.0l, u is a strong solution to (1.1).

Now we establish the uniqueness and the continuous dependence on the initial data of a strong
solution to (1.1).

Uniqueness: Let v be another strong solution to (1.1) on J;. Let U = w — v. Then for a.e. t € J;

E6, ) +< (81 +4wH)) 00, FUEO) > = plugli< (4] - 460)) 6. F(U6) > +<

’ P 3 P PN
tuldu,) - ft v, v, FUW) =

(4.5)

Using m —accretivity of 81 + A(w} and the assumptions on A{w) for w € W and f(t.u.v) we obtain

3

w@I* = GITIZ;, .. (4.6)

w0y
L
"
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where J. = [0.¢] and C; = §+ u R+ us(R)[1+uz(R)].

Integrating the above inequality on (0.t} and taking the supremum we get

pl

S é__.': xn = CrlliU é__.': xds. 4.7

Applying Gronwall’s inequality we get /' = 0 on J,.
Continuous Dependence: Let v, & B, (uy. Ry) .Then

Svp = Zpllp = 15wy — Suglly + 5y — Zplly = 2R, (4.8)
Hence

e Fvallzglly £ MY = 3(1 + ¢¥7)R, =R. 4.9)

gz

(1 + &7 )51y — 25l + Ty py ll=,

We may proceed as before to prove the existence of v e Wy satisfying scheme (1.1) with u}
and u, replaced by v andvg, respectively. Convergence of v* to v(t) can be proved in similar

manner.

Let U = u — v.Then following the steps used to prove the uniqueness, we have for a.e. , t € [,

£ .

vl = CIUlE, 4. (4.10)
Integrating the above inequality on (0.t} and taking the supremum we get

2 o = SN0 + G [[IUIE o ds. (4.11)
Applying Gronwall’s inequality we get

Ullegsn = CIUCO I, (4.12)

where C is a positive constant. This proves the required result. This completes the proof of
theorem 2.1.
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